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Measuring points:  Compensate from stylus center.
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For certain features, we can compensate after fitting instead
of before.  These are the same features we talked about in
the discussion of size:  circles, planes, cylinders, etc.

r

If we know the surface normal, we can compensate in that
direction.  We can also sample an unknown surface to
estimate the normal.
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Fitting Features to Data:  An Example
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(x1, y1, z1)
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Fitting Features to Data:  An Example

(x1, y1, z1)

(x2, y2, z2)
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Fitting Features to Data:  An Example

A x b
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(X , Y , Z )4 4 4

(X , Y , Z )5 5 5
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When there are more than the minimum number of points
required to describe a feature, the fitted feature will have
some error at each measurement point.



6

�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�

�

�

�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�

�

�

�

n

I

y

x

nn z

z

z

z

Z

M

M

yx

yx

yx

yx

�

�

���

���

3

2

1

33

22

11

1

1

1

1

�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�

�

�

�

�

�

�

�

�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�

�

�

	

�
�
�
�

�

�

�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�

�

�

nn

I

y

x

nn z

z

z

z

Z

M

M

yx

yx

yx

yx

�

�

�

�

���

���

3

2

1

3

2

1

33

22

11

1

1

1

1

Instead of

We have

And the "best fit" plane will be the values of

{Mx, My, ZI} that give the minimum � values.

A x b �

If the feature does not fit the points perfectly, we
want to have the "best fit" in some way.

bAx �

For a 3-point plane, we have and we can solve for x.
0�� bAx

��� bAx

or

With more than 3 points, we have

where the �'s are the z-error at each point.



7

What exactly to we want to minimize?  We often
minimize the "p-norm" of the � vector.
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Consider the vector x:

The p-norm of x is :

Common values for p are (1, 2, and 8 ).         What does this mean?
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What's with this infinity norm?
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Let's say one of the x's has the largest absolute value.  We'll call it x*.  Multiply
the top and bottom of the equation by x* to the 8  power.

Since all of the x's except x* are less than x* , each fraction goes to zero when
raised to the 8  power.  What we end up with is:.
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The infinity norm simply reports the largest element in the vector.
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If we want to minimize the errors using least
squares, consider the following equations.

22
bAx ���

� � � � � �� �bAxbAxbAxbAx TTTT
�����

bbbAxAxbAxAx TTTTTT
����

� � b2A-AxA2bbbAxAxbAxAx TTTTTTTT
dx
d

����

22
bAx, �� minimizemustweminimizeTo

To find a minimum, we set the slope to zero, so

� � 0b2A-AxA2bbbAxAxbAxAx TTTTTTTT
dx
d

�����

Therefore

0bA-AxA TT
� bAAxA TT

�or

To minimize ||Ax-b||2 , solve ATAx = ATb.

Conclusion
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or

This is simple enough to do in a calculator, or excel.

Homework 10

• For the data posted on the web site,
calculate the best fit planes, and report the
largest + and – errors (Ax – b).


